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Abstract—Three-way decision provides a new perspective for
dealing with uncertainty and complexity in decision-making
problems. However, behaviors of decision-makers may be influenced by different risk attitudes in reality. To address this
problem, we construct a regret-based three-way decision model
under interval type-2 fuzzy environment. Basically, regret theory
and interval type-2 fuzzy set are utilized to improve threeway decision in coping with the risk and uncertainty. Two
core issues focus on the determination of decision rules and
estimation of conditional probabilities for different decisionmakers under interval type-2 fuzzy environment. The maximumutility decision rules are derived based on regret theory. An
interval type-2 fuzzy technique for order preference by similarity
to ideal solution (TOPSIS) method is utilized to estimate the
conditional probability. The results of the illustrative example
show that the proposed model can effectively solve uncertain
decision problems. The comparative analysis and experimental
evaluations are utilized to elaborate on the performance of the
regret-based three-way decision model.

Jia et al. [19] developed a feature fusion method for Chinese
irony detection in microblog based on three-way decision
model. Zhan et al. [20] incorporated 3WD into multi-attribute
decision-making based on an outranking relation and solved
a problem of enterprise project investment target selections.
Campagner et al. [21] introduced a framework based on 3WD
and the trisecting-acting-outcome model to handle uncertainty
in machine learning. In summary, the studies of three-way
decision mainly consist of two aspects.
•

Index Terms—Three-way decision, regret theory, interval type2 fuzzy set, uncertain decision-making.

I. I NTRODUCTION

T

HREE-WAY decision (3WD), as a novel methodology
to deal with imprecise and uncertain data, has developed
rapidly in recent years. It has received extensive attention since
it was proposed by Yao [1]. The idea of three-way decision
originated from rough set, which also constituted a prominent
knowledge discovery method for uncertain and incomplete
issues [2]–[13]. The key semantic interpretation of three-way
decision is to divide the whole set of objects into three disjoint
regions. With respect to three regions, three-way decision provides decision-makers with three decision actions in the form
of acceptance, non-commitment and rejection, respectively.
The research results of three-way decision are fruitful and
have been applied into numerous practical application fields
[14]–[17]. For example, Li et al. [18] utilized a sequential
three-way decision method for cost-sensitive face recognition.
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Several scholars concentrated on the expansion of the
reasonable semantic interpretation of the traditional threeway decision model [22]–[24]. As an example, Yao
[25] introduced a model of three-way conflict analysis
based on the philosophy, methodology, and mechanism
in threes. Yue et al. [26] constructed shadowed neighborhoods based on fuzzy rough transformation for three-way
classification. Jia and Liu [27] proposed a novel decision
model based on the combination of three-way decisions
and multi-criteria decision-making.
Some researches focused on the development of sequential three-way decision and granular computing [28]–
[30]. For instance, Li et al. [31] proposed a sequential
granular feature extraction method based on deep neural
networks. Liu et al. [32] discussed the methodology of
3WD via granular computing with “multi-level” strategy
and “multi-view” strategy. Zhang et al. [33] developed
a sequential three-way decision model in autoencoder
based classifications and decisions.

In the case that decision-makers cope with imprecise and
uncertain decision issues through three-way decision, they may
be confronted with various extents of risk and uncertainty.
In the practical environment, decision-makers are not entirely
rational and take different decision behaviors and risk preferences. To address this problem, researchers have introduced
several scientific behavioral decision theories into three-way
decision, such as prospect theory and cumulative prospect
theory [34]–[37]. In recent years, regret theory, proposed by
Bell [38], Loomes and Sugden [39], has received sustained
attention in many risk decision-making areas. It has been
noted in some literature that regret theory has some advantages
over prospect theory and cumulative prospect theory [40].
As an example, when using regret theory, decision-makers
do not need to provide the reference point and involved
parameters are fewer and simpler. Nowadays, regret theory has
been successfully applied in diverse areas and achieved good
results [40], [41]. For example, Peng et al. [42] established an
applicable decision support model based on regret theory to
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address new energy investment risk evaluation problems. Wang
[43] proposed a regret-based automated Bayesian sequential
decision-making strategy for the optimal allocation of manual
and autonomous sensing modes. Thus, we introduce regret
theory into three-way decision to describe decision-makers’
risk attitudes.
Although three-way decision is a valid tool to handle
decision problems under risks, it still requires to improve
the capacity to process the vagueness [34]. Currently, many
researches have focused on the applications with type-1 fuzzy
set and achieved good performance when facing the actual
decision problems [44]–[48]. Inspired by these observations,
various scholars have extended three-way decision into uncertain circumstance with type-1 fuzzy set due to the constant
change of fuzziness and complexity [41], [49]–[51]. As an
example, Lang et al. [52] contributed to three-way conflict
analysis based on Pythagorean fuzzy set theory. Liang et
al. [53] combined the hesitant fuzzy information system and
loss functions together via error analysis. However, some
researches have indicated that interval type-2 fuzzy set (IT2FS)
can achieve good performance and advantages when solving
problems in uncertain and fuzzy environments [34], [54],
[55]. Typically, IT2FS is regarded as an expanding format
of interval type-1 fuzzy set and has been applied to dispose
the ambiguity of many actual decision-making problems [56]–
[58]. For instance, Dalman and Bayram [59] presented an
interactive fuzzy goal programming approach for solving
multiobjective nonlinear programming problems with interval
type-2 fuzzy numbers (IT2FNs). Eyoh et al. [60] presented
an approach to prediction based on a new interval type-2
Atanassov intuitionistic fuzzy logic system. Therefore, we
construct the regret-based 3WD model with IT2FS to enhance
its ability to deal with vagueness and uncertainty.
In three-way decision, another crucial problem is how to estimate and evaluate the conditional probability. In the majority
of three-way decision models, the conditional probability is
calculated by utilizing the equivalence class and information
table, where one of the prerequisites is the decision attribute
[1], [28], [61]. However, we may confront a universal circumstance in the actual decision environment that the information
system does not have the class label or the decision attribute.
For example, in many multi-attribute decision-making problems, there are only conditional attributes involved but no
decision attribute in the information table [51], [62], [63]. To
solve the problem in this case, Liang et al. [61] effectively
utilized the technique for order preference by similarity to
ideal solution (TOPSIS) method to determine the conditional
probability in the Pythagorean fuzzy information system. Under interval type-2 fuzzy environment, many researches have
extended TOPSIS method with IT2FS and achieved good performance and results [63], [64]. Inspired by these observations
and successes, we effectively utilize the interval type-2 fuzzy
TOPSIS method to figure out the conditional probability in
the interval type-2 fuzzy information system. Liu et al. [65]
indicated that the psychological factors of the decision-makers
should be taken into account in the multi-attribute decisionmaking problem. Thus, we also introduce regret theory into
TOPSIS method to describe decision-makers’ psychological
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risk attitudes and calculate the conditional probability.
In order to depict decision-makers’ risk attitudes and improve the capability of three-way decision to process the
ambiguity and vagueness, we introduce regret theory and
interval type-2 fuzzy set into three-way decision in this paper.
On the whole, we sum up the mainly accomplished researches
of our work. A regret-based three-way decision model is
proposed with the trapezoidal IT2FNs. The interval type-2
fuzzy regret-based utility functions are calculated based on the
interval type-2 fuzzy outcome matrix. The maximum-utility
decision rules are determined by ranking the interval type-2
fuzzy expected utilities. Then, as the conditional probability
plays an important role in three-way decision, we utilize
the interval type-2 fuzzy TOPSIS method to estimate the
conditional probability based on regret theory. Meanwhile,
the whole decision-making process for deriving three-way
decision rules is presented.
The remainder of the paper is set out as follows. Section II
reviews several basic concepts of three-way decision, interval
type-2 fuzzy sets and regret theory. Section III constructs the
regret-based 3WD model in interval type-2 fuzzy environment.
Section IV utilizes an interval type-2 fuzzy TOPSIS method to
estimate the conditional probability. The illustrative example
of an investment assessment problem is given to elaborate the
effectiveness in Section V. Sections VI and VII implements the
comparative analysis and experimental evaluations to verify
the performance of the proposed model. Section VIII presents
the conclusion and discusses future studies.
II. P RELIMINARIES
This section consists of three subsections to concisely retrospect varieties of notions and models of three-way decision
[1], interval type-2 fuzzy set [54], [62]–[64], [66] and regret
theory [38]–[40], [67].
A. Three-way decision
Yao [1] proposed the classical three-way decision model
with the aid of Bayesian decision procedure. The classical
3WD model consists of two states and three actions. A set
of states Ω = {C, ¬C} indicates the object x is in a decision
class C and not in class C. Let A = {πP , πB , πN } be a set of
actions. πP , πB and πN denote the acceptance, deferment and
rejection decisions respectively in classifying x into the positive region POS(C), boundary region BND(C) and negative
region NEG(C). Let λij (i = P, B, N ; j = P, N ) denote the
cost of taking actions πP , πB , πN respectively when x is in a
decision class C and not in class C. Thus, the cost matrix can
be given by Table I. In Table I, λP P , λBP , λN P denote the
costs of taking actions πP , πB and πN when x belongs to C
respectively. λP N , λBN , λN N denote the costs of taking πP ,
πB and πN when x belongs to ¬C. Let us represent P r(C|x)
as the conditional probability of x belongs to C. Then, the
expected cost R(πi |x) for each object x is calculated by the
following formula:
R(πP |x) = λP P P r(C|x) + λP N P r(¬C|x),
R(πB |x) = λBP P r(C|x) + λBN P r(¬C|x),
R(πN |x) = λN P P r(C|x) + λN N P r(¬C|x).

(1)
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TABLE I
T HE COST MATRIX FOR CLASSICAL 3WD

3

MODEL

s+
πP
πB
πN

C

¬C

λP P
λBP
λN P

λP N
λBN
λN N

t+
s-

A-

t-

By Bayesian decision procedure, the minimum-cost decision
rules can be induced as:
(P0) If R(πP |x) ≤ R(πB |x) and R(πP |x) ≤ R(πN |x),
decide x ∈ POS(C);
(B0) If R(πB |x) ≤ R(πP |x) and R(πB |x) ≤ R(πN |x),
decide x ∈ BND(C);
(N0) If R(πN |x) ≤ R(πP |x) and R(πN |x) ≤ R(πB |x),
decide x ∈ NEG(C).
According to decision rules (P0) − (N0), the action with
the minimum expected cost is chosen as the best action.

a-

a+

b+

b-

c-

c+

d-

X
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Fig. 1. The trapezoidal interval type-2 fuzzy number A.

e1 = (A+ , A− ) and A
e2 = (A+ , A− )
Definition 4: [68] Let A
1
1
2
2
e
e
be two trapezoidal IT2FNs, where A1 and A2 are written as:
e1 = (A+ , A− )
A
1
1
+ + + + +
− − − − − −
= ((a+
1 , b1 , c1 , d1 ; s1 , t1 ), (a1 , b1 , c1 , d1 ; s1 , t1 )),

e2 = (A+ , A− )
A
2
2
+ + + + +
− − − − − −
= ((a+
2 , b2 , c2 , d2 ; s2 , t2 ), (a2 , b2 , c2 , d2 ; s2 , t2 )).
(6)

B. Interval type-2 fuzzy set
Definition 1: [54] In the universe of discourse X, a typee can be represented by a type-2 membership
2 fuzzy set A
function µAe(x, u) as follows:
e = {((x, u), µ e(x, u))|∀x ∈ X, ∀u ∈ Jx ⊆ [0, 1]},
A
A

(2)

e and
where µAe(x, u) denotes the membership function of A
e can also be
satisfies: 0 ≤ µAe(x, u) ≤ 1. In this situation, A
represented as:
Z
Z
e=
A
µAe(x, u)/(x, u),
(3)
x∈X

A+

e1
Then, the arithmetic operations of two trapezoidal IT2FNs A
e
and A2 are represented as follows:
(1) Addition operation
e1 ⊕ A
e2 = (A+ , A− ) ⊕ (A+ , A− )
A
1
1
2
2
 +
+ +
+ +
+
+ 
(a1 + a2 , b1 + b2 , c1 + c+
2 , d1 + d2 ;
 min{s+ , s+ }, min{t+ , t+ }),



1
2
=  − 1− 2−
−
− −
− .
(a1 + a2 , b1 + b−
,
c
+
c
,
d
+
d
;
2
1
2
1
2 

(7)

−
− −
min{s−
1 , s2 }, min{t1 , t2 })

u∈Jx

RR
where
denotes union over all admissible x and u, and Jx
is the primary membership of x.
e be a type-2 fuzzy set in the universe
Definition 2: [54] Let A
e is called an IT2FS,
of discourse X. If all µAe(x, u) = 1, then A
which is expressed as:
Z
Z
e
A=
1/(x, u).
(4)
x∈X

u∈Jx

In the cause of the simplification and expression of the study
in this article, we utilize the trapezoidal interval type-2 fuzzy
number proposed in [68]. The definition of the trapezoidal
IT2FN is expressed as follows:
e = (A+ , A− ) be a trapezoidal
Definition 3: [68] Let A
IT2FN in the universe of discourse, as shown in Fig. 1, where
A+ and A− are two generalized trapezoidal fuzzy numbers:
e = (A+ , A− )
A
= ((a+ , b+ , c+ , d+ ; s+ , t+ ), (a− , b− , c− , d− ; s− , t− )),
(5)
where a+ ≤ b+ ≤ c+ ≤ d+ , a− ≤ b− ≤ c− ≤ d− , 0 ≤
s− ≤ s+ ≤ 1, 0 ≤ t− ≤ t+ ≤ 1. s+ and t+ denote the
membership values of elements b+ and c+ . s− and t− denote
the membership values of elements b− and c− .

(2) Subtraction operation
e2 = (A+ , A− )
A
1
1

e1
A


−
(A+
2 , A2 )

+ +
+ +
+ +
+
(a+
1 − d2 , b1 − c2 , c1 − b2 , d1 − a2 ;



 min{s+ , s+ }, min{t+ , t+ }),



1
2
=  − 1− 2−
− −
− −
− .
(a1 − d2 , b1 − c2 , c1 − b2 , d1 − a2 ;

(8)

−
− −
min{s−
1 , s2 }, min{t1 , t2 })

(3) Multiplication operation
e1 ⊗ A
e2 = (A+ , A− ) ⊗ (A+ , A− )
A
1
1
2
2
 +
+
+ +
+ +
+ 
(a1 × a+
,
b
×
b
,
c
×
c
2
1
2
1
2 , d1 × d2 ;
 min{s+ , s+ }, min{t+ , t+ }),



1
2
=  − 1− 2−
− −
− −
− .
(a1 × a2 , b1 × b2 , c1 × c2 , d1 × d2 ;

(9)

−
− −
min{s−
1 , s2 }, min{t1 , t2 })

(4) Multiplication by real number operation
e1 =
If k ≥ 0, k A
e1 =
If k < 0, k A

!
+
+
+ + +
(ka+
1 , kb1 , kc1 , kd1 ; s1 , t1 ),
−
−
− − −
(ka−
1 , kb1 , kc1 , kd1 ; s1 , t1 )

!
+
+
+ + +
(kd+
1 , kc1 , kb1 , ka1 ; s1 , t1 ),
−
−
− − −
(kd−
1 , kc1 , kb1 , ka1 ; s1 , t1 )

;
.

(10)
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TABLE II
L INGUISTIC TERMS AND THEIR CORRESPONDING

4

1

INTERVAL TYPE -2

FUZZY SETS

Interval type-2 fuzzy sets

Very Poor (VP)
Poor (P)
Medium Poor (MP)
Medium (M)
Medium Good (MG)
Good (G)
Very Good (VG)

((0, 0, 0, 1; 1, 1), (0, 0, 0, 0.5; 0.9, 0.9))
((0, 1, 1, 3; 1, 1), (0.5, 1, 1, 2; 0.9, 0.9))
((1, 3, 3, 5; 1, 1), (2, 3, 3, 4; 0.9, 0.9))
((3, 5, 5, 7; 1, 1), (4, 5, 5, 6; 0.9, 0.9))
((5, 7, 7, 9; 1, 1), (6, 7, 7, 8; 0.9, 0.9))
((7, 9, 9, 10; 1, 1), (8, 9, 9, 9.5; 0.9, 0.9))
((9, 10, 10, 10; 1, 1), (9.5, 10, 10, 10; 0.9, 0.9))

r( u)

0

Linguistic terms

-1
-2

-4
-5

In [66], Hu et al. proposed a method to rank the trapezoidal
IT2FNs by calculating the ranking values. The definition is
presented as follows:
e be a trapezoidal IT2FN. The
Definition 5: [66] Let A
e can be defined using the following form:
ranking value of A
P
P
P
P
•
l•
h∈{s,t}
•∈{+,−} h
l∈{a,b,c,d}
•∈{+,−}
e =
×
.
η(A)
8
4
(11)
e1 and A
e2 are two trapezoidal IT2FNs. Then,
Assuming that A
e
e
e1 ) > η(A
e2 ).
we get A1  A2 if and only if η(A
In many researches of interval type-2 fuzzy sets [62]–[64],
interval type-2 fuzzy sets are represented and evaluated by
using linguistic terms provided by experts, since the linguistic
evaluation is more practical and better described quantitatively.
Therefore, all the interval type-2 fuzzy variables are assessed
by linguistic terms in this paper. For clarity, the linguistic terms
and their corresponding interval type-2 fuzzy sets are presented
in Table II. For Table II, seven linguistic terms “Very Poor
(VP)”, “Poor (P)”, “Medium Poor (MP)”, “Medium (M)”,
“Medium Good (MG)” , “Good (G)”, “Very Good (VG)”
and their corresponding interval type-2 fuzzy sets are given,
respectively.
C. Regret theory
Regret theory was initially proposed by Bell [38], Loomes
and Sugden [39], respectively. In the decision process, they
believe that decision-makers will compare the results of their
own choices with those of the other options. If decision-makers
find that they can achieve better results by choosing another
option, they will regret. On the contrary, they will rejoice.
Therefore, the decision-maker may anticipate the regret or joy
of the options during the decision process and try to avoid the
choice that they will regret.
A decision-maker’s comparison of two choices according
to regret theory is expressed as follows. Let z1 and z2 be
the outcomes obtained after selecting choices π1 and π2 ,
respectively. The decision-maker’s perceived utility for the
choice π1 is
v1 = u(z1 ) + r(u(z1 ) − u(z2 )),

(12)

where u(zi ) denotes the utility function when taking the option
πi . Based on [42], the utility function u(zi ) is given as
u(zi ) =

1 − e−θzi
,
θ

(13)

= 0.05
= 0.1
= 0.2
= 0.3

-3

-4

-3

-2

-1

0

1

2

3

4

5

u
Fig. 2. The effect of δ on the regret-rejoice function r(∆u).

where θ is the risk aversion coefficient of the decision-maker
and satisfies: 0 < θ < 1. For (13), the utility function u(zi )
will change with the variation of zi and is monotonically
increasing with the increase of zi .
With respect to (12), the regret-rejoice function r(∆u)
measures the regret or rejoice by comparing the differences in
utility between choosing π1 and π2 . ∆u denotes the difference
in the utility value of two different choices. In [42], Peng et
al. gave a form of the regret-rejoice function r(∆u), which
was defined as follows:
r(∆u) = 1 − e−δ∆u ,

(14)

where δ denotes the regret aversion coefficient and is in the
range [0, +∞).
For the regret-rejoice function r(∆u) in (14), Fig. 2 shows
the influence of δ on the regret-rejoice function r(∆u). The
regret-rejoice function r(∆u) is also a monotonically increasing function with the increase of ∆u. According to regret
theory [38], [39], when r(∆u) > 0, r(∆u) denotes the rejoice
value; when r(∆u) < 0, r(∆u) represents the regret value.
Considering the situation that the decision problem contains
various options in the real world, Quiggin [67] expanded the
application range of regret theory into multiple action sets to
choose the optimal alternative. The decision-maker’s perceived
utility for the choice πi is defined as:
vi = u(zi ) + r(u(zi ) − u(z ∗ )),

(15)

where z ∗ = max{zi }. r(u(zi ) − u(z ∗ )) denotes the regret
value, which is always non-positive.
III. T HREE - WAY DECISION BASED ON REGRET THEORY
As is mentioned in Section II, the classical three-way decision model deduced the minimum-cost decision rules with the
aid of Bayesian decision procedure and cost matrix. However,
in the practical decision process, we need to consider the
influence of different attitudes for the risk. In this section, we
focus on the description on decision-makers’ risk attitudes and
preferences through the three-way decision model based on
regret theory with trapezoidal interval type-2 fuzzy numbers.

1063-6706 (c) 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TFUZZ.2020.3033448, IEEE
Transactions on Fuzzy Systems
IEEE TRANSACTIONS ON FUZZY SYSTEMS

5

TABLE III
T HE INTERVAL TYPE -2 FUZZY OUTCOME MATRIX

πP
πB
πN

TABLE IV
T HE INTERVAL TYPE -2 FUZZY REGRET- BASED UTILITY FUNCTION MATRIX

C

¬C

+
−
zeP P = (zP
P , zP P )
+
−
zeBP = (zBP , zBP
)
+
−
zeN P = (zN P , zN
P)

+
−
zeP N = (zP
N , zP N )
+
−
zeBN = (zBN , zBN
)
+
−
zeN N = (zN N , zN
N)

πP
πB
πN

C

¬C

k,+ k,−
k
v
eP
P = (vP P , vP P )
k,+ k,−
k
v
eBP = (vBP
, vBP )
k,+ k,−
k
v
eN P = (vN
P , vN P )

k,+ k,−
k
v
eP
N = (vP N , vP N )
k,+ k,−
k
v
eBN = (vBN
, vBN )
k,+
k,−
k
v
eN N = (vN N , vN
N)

The regret-based three-way decision model also consists
of two states Ω = {C, ¬C} and three actions A =
{πP , πB , πN }. On the basis of interval type-2 fuzzy sets and
regret theory, we can take linguistic terms to evaluate the
outcomes in different states when taking each action. Then, the
linguistic outcomes are represented by interval type-2 fuzzy
sets based on Table II. Assume that zeij (i = P, B, N ; j =
P, N ) is utilized to represent the interval type-2 fuzzy outcome
in different states under interval type-2 fuzzy environment. All
the interval type-2 fuzzy outcomes can be given by Table III.
zeP P , zeBP , zeN P denote the interval type-2 fuzzy outcomes
of taking πP , πB and πN when x belongs to C respectively.
zeP N , zeBN , zeN N denote the interval type-2 fuzzy outcomes of
taking πP , πB and πN when x belongs to ¬C. To depict the
interval type-2 fuzzy outcome zeij in detail, it is expressed as:
!
z,+ z,+ z,+ z,+ z,+
(az,+
ij , bij , cij , dij ; sij , tij ),
+ −
zeij = (zij , zij ) =
.
z,− z,− z,− z,− z,−
(az,−
ij , bij , cij , dij ; sij , tij )
(16)

With the interval type-2 fuzzy outcomes, the interval type-2
fuzzy common utility functions of the k-th decision-maker in
different states are calculated based on (13):
1
u
ekij = (1 e−θk zeij ).
(19)
θk
By Definition 6, we can transform the real number 1 into
a trapezoidal IT2FN: ((1, 1, 1, 1; 1, 1), (1, 1, 1, 1; 1, 1)). Based
on Definition 4 and (17), we further calculate the interval type2 fuzzy common utility functions as follows.


z,+
z,+
1 − e−θk aij 1 − e−θk bij
,
,

(


θk
θk



 1 − e−θk cz,+
−θk dz,+
ij
ij
1−e

z,+ z,+ 
,
; sij , tij ),

θk
θk


u
ekij = 
 . (20)
−θk bz,−

 1 − e−θk az,−
ij
ij
1−e

(
,
,


θk
θk




z,−
z,−
−θ
d
−θ
c
k
k

1 − e
ij
ij
1−e
z,− z,−
,
; sij , tij )
θk
θk

Suppose there are totally g decision-makers in a specific decision problem. Let E = {e1 , e2 , . . . , eg } denote the decisionmaker set. Regret theory illustrates that decision-makers may
take different risk aversion and regret aversion coefficients.
For clarity, the risk aversion coefficient of the k-th decisionmaker is defined as θk , which satisfies: 0 < θk < 1. The regret
aversion coefficient of the k-th decision-maker is defined as
δk , which satisfies: δk ≥ 0. As seen in (13) and (14), the
utility function and regret-rejoice function both contains the
crisp value and the exp function. Thus, we give the definition
of the crisp value and exp operation of trapezoidal IT2FNs.
Definition 6: Let v be a crisp value. The trapezoidal interval
type-2 fuzzy representation of the crisp value v is defined as
((v, v, v, v; 1, 1), (v, v, v, v; 1, 1)).
e = (A+ , A− ) be a trapezoidal interval
Definition 7: Let A
type-2 fuzzy number. Then, the exp operation of a trapezoidal
e is represented as follows:
IT2FN A
!
+
+
+
+
(ea , eb , ec , ed ; s+ , t+ ),
e
A
e =
.
(17)
−
−
−
−
(ea , eb , ec , ed ; s− , t− )

According to regret theory, decision-makers will compare
the results of their own choices with those of the other options.
Since there are totally three actions in A = {πP , πB , πN }, we
utilize regret theory in the multiple action sets [67] to construct
our model. Let us define the utility function that considers the
regret values as the regret-based utility function. Similar to
the interval type-2 fuzzy outcomes, the interval type-2 fuzzy
regret-based utility functions can be also represented by a 3×2
matrix, as shown in Table IV. For clarity, the interval type-2
fuzzy regret-based utility function of ek is denoted as:

Let us define the utility function that does not consider the
regret values as the common utility function. The interval type2 fuzzy common utility function of ek is denoted as:
k,−
u
ekij = (uk,+
ij , uij )

=

!
(ak,u,+
, bk,u,+
, ck,u,+
, dk,u,+
; sk,u,+
, tk,u,+
),
ij
ij
ij
ij
ij
ij
k,u,−
(ak,u,−
, bk,u,−
, ck,u,−
, dk,u,−
; sk,u,−
, tij
)
ij
ij
ij
ij
ij

.

(18)

k,+ k,−
k
veij
= (vij
, vij )

=

!
(ak,v,+
, bk,v,+
, ck,v,+
, dk,v,+
; sk,v,+
, tk,v,+
),
ij
ij
ij
ij
ij
ij
(ak,v,−
, bk,v,−
, ck,v,−
, dk,v,−
; sk,v,−
, tk,v,−
)
ij
ij
ij
ij
ij
ij

.
(21)

Based on (15), in order to compute the interval type-2 fuzzy
regret-based utility functions, we should select the decision
option with the maximum outcome to calculate the regret
values. Under interval type-2 fuzzy environment, we need to
calculate the ranking values of all the interval type-2 fuzzy
outcomes based on (11). The computed results of the ranking
values of the interval type-2 fuzzy outcomes are presented as
follows:
P
P
z,•
l∈{a,b,c,d}
•∈{+,−} lij
η(e
zij ) =
8
P
P
z,•
h∈{s,t}
•∈{+,−} hij
×
.
(22)
4
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When the object x belongs to C or ¬C, we select the
interval type-2 fuzzy outcome with the highest ranking value,
which is represented as follows:
ze∗j = arg max {η(e
zij )}.

(23)

z
eij

At this moment, the interval type-2 fuzzy regret-based utility
k
function veij
is calculated based on (15):
k
veij
=u
ekij ⊕ r(e
ukij

u(e
z∗j )).

(24)

Based on the algebraic operations of trapezoidal IT2FNs,
we can calculate the interval type-2 fuzzy regret-based utility
k
as follows:
function veij

 k,u,+
k,u,+
k,u,+
(aij
+ 1 − e−δk (aij −d∗j ) ,


−ck,u,+
)

bk,u,+ + 1 − e−δk (bk,u,+
ij
∗j
,

 ij


k,u,+
−b
)

ck,u,+ + 1 − e−δk (ck,u,+
ij
∗j
,

 ij


k,u,+

dk,u,+ + 1 − e−δk (dk,u,+
−a
)
ij
∗j
;

 ij


 min{sk,u,+ , sk,u,+ }, min{tk,u,+ , tk,u,+ }),


ij
∗j
ij
∗j
k
veij = 
 . (25)
−dk,u,−
)

(ak,u,− + 1 − e−δk (ak,u,−
ij
∗j
,
 ij



k,u,−
k,u,−

bk,u,− + 1 − e−δk (bij −c∗j ) ,

 ij



ck,u,− + 1 − e−δk (ck,u,−
)
−bk,u,−
∗j
ij
,

 ij


k,u,−

dk,u,− + 1 − e−δk (dk,u,−
−a
)
ij
∗j
;

 ij
min{sk,u,−
, sk,u,−
}, min{tk,u,−
, tk,u,−
})
ij
∗j
ij
∗j

with the maximum expected utility among three actions in
A = {πP , πB , πN }. Therefore, the maximum-utility decision
rules of the regret-based three-way decision model in interval
type-2 fuzzy environment are expressed as follows:
e k (πP |x)  U
e k (πB |x) and
(P1) If U
e k (πP |x)  U
e k (πN |x), decide x ∈ POS(C);
U
e k (πB |x)  U
e k (πP |x) and
(B1) If U
e k (πB |x)  U
e k (πN |x), decide x ∈ BND(C);
U
e k (πN |x)  U
e k (πP |x) and
(N1) If U
e k (πN |x)  U
e k (πB |x), decide x ∈ NEG(C).
U
For decision rules (P1) − (N1), we further rank the interval
e k (πi |x) with (11). The ranking
type-2 fuzzy expected utility U
value of the interval type-2 fuzzy expected utility is calculated
as:
e k (πi |x)) =
η(U
P
P
l∈{a,b,c,d} •∈{+,−}

P
×

h∈{s,t}

k,v,•
k,v,•
P r(¬C|x))
P r(C|x) + liN
(liP

8
k,v,•
k,v,•
min{h
iP , hiN }
•∈{+,−}

P

.
(28)
4
Therefore, the maximum-utility decision rules (P2) − (N2)
are further induced as:
e k (πP |x)) ≥ η(U
e k (πB |x)) and η(U
e k (πP |x))
(P2) If η(U
e k (πN |x)), decide x ∈ POS(C);
≥ η(U

For each decision-maker, with interval type-2 fuzzy regretbased utility functions and the conditional probability, we can
e k (πi |x)
calculate the interval type-2 fuzzy expected utility U
with respect to different actions in A = {πP , πB , πN }. For
an object x and the k-th decision-maker, the interval type-2
e k (πi |x) is expressed by the following
fuzzy expected utility U
formula:

e k (πN |x)) ≥ η(U
e k (πP |x)) and η(U
e k (πN |x))
(N2) If η(U
e k (πB |x)), decide x ∈ NEG(C).
≥ η(U

k
k
e k (πi |x) = P r(C|x)e
U
viP
⊕ P r(¬C|x)e
viN
.

IV. T HE INTERVAL TYPE -2 FUZZY TOPSIS METHOD

(26)

With the aid of algebraic operations of trapezoidal IT2FNs,
e k (πi |x) can be
the interval type-2 fuzzy expected utility U
further calculated as:
 k,v,+

(aiP P r(C|x) + ak,v,+
P r(¬C|x),
iN
 k,v,+

biP P r(C|x) + bk,v,+

P r(¬C|x),
iN


ck,v,+ P r(C|x) + ck,v,+ P r(¬C|x),

 iP

iN
 k,v,+

k,v,+
d

 iP P r(C|x) + diN P r(¬C|x);



k,v,+ k,v,+
k,v,+ k,v,+


min{s
,
s
},
min{t
,
t
}),
iP
iN
iP
iN
k
e

.
U (πi |x) =  k,v,−

k,v,−

(aiP P r(C|x) + aiN P r(¬C|x),
 k,v,−

k,v,−
b

 iP P r(C|x) + biN P r(¬C|x),

 k,v,−

ciP P r(C|x) + ck,v,−

P r(¬C|x),
iN


 k,v,−

k,v,−
diP P r(C|x) + diN P r(¬C|x);

min{sk,v,−
, sk,v,−
}, min{tk,v,−
, tk,v,−
})
iP
iN
iP
iN
(27)
Regret theory illustrates that decision-makers will select
the decision option with the maximum utility. For the regretbased 3WD model, decision-makers will select the action

e k (πB |x)) ≥ η(U
e k (πP |x)) and η(U
e k (πB |x))
(B2) If η(U
e k (πN |x)), decide x ∈ BND(C);
≥ η(U

In Section III, we discuss the determination of maximumutility decision rules based on regret theory in interval type-2
fuzzy environment. However, how to estimate the conditional
probability has not yet been proposed. In this section, we firstly
discuss the calculation of the conditional probability by the
interval type-2 fuzzy TOPSIS method. Then, the key steps
and the whole decision procedure of the regret-based 3WD
model are emphasized.
A. The estimation of the conditional probability
In three-way decision, another crucial problem is how to
estimate and evaluate the conditional probability. As shown
in (26) and (27), we should firstly calculate the conditional
probability P r(C|x) for each object before determining the
e k (πi |x). In most 3WD
interval type-2 fuzzy expected utility U
models, the conditional probability is calculated by utilizing
the equivalence class and information table, where the prerequisite is the decision attribute [1], [28], [51], [61]. However, in
the real world, we may confront a common information system
without the class label. Inspired by [61], [63]–[65], we utilize
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the interval type-2 fuzzy TOPSIS method to figure out the
conditional probability in the interval type-2 fuzzy information
system and involve regret theory in TOPSIS method to reflect
decision-makers’ psychological risk attitudes and preferences.
Let X = {x1 , x2 , . . . , xm } be a set of objects. The attribute
set of the interval type-2 fuzzy information system is expressed
as F = {f1 , f2 , . . . , fn }. W = {w1 , w2 , . . . , wn }T is the
weight vector of all attributes, whereP
wq is the real number
n
and satisfies: 0 ≤ wq ≤ 1 and
q=1 wq = 1. As is
mentioned in Section III, θk and δk are denoted as the risk
aversion and regret aversion coefficients of the decision-maker
ek respectively. Note that the interval type-2 fuzzy information
system in this paper does not have the class label.
According to interval type-2 fuzzy sets in Section II, we
take the linguistic terms represented by IT2FS to obtain the
evaluation information under interval type-2 fuzzy environment. Thus, the evaluation results in the information system
are firstly assessed by linguistic terms provided by experts,
and then transformed into trapezoidal IT2FNs by Table II.
For clarity, the interval type-2 fuzzy information system is
epq is the
illustrated in Table V, where the evaluation result A
trapezoidal IT2FN and denoted as follows:
!
+
+
+
+ +
(a+
pq , bpq , cpq , dpq ; spq , tpq ),
+
−
e
Apq = (Apq , Apq ) =
. (29)
−
−
−
− −
(a−
pq , bpq , cpq , dpq ; spq , tpq )
The motivation of the TOPSIS approach is to pick up the
alternative which takes the shortest distance from the positive
ideal solution and the farthest distance from the negative ideal
solution. According to the risk aversion coefficient θk , all
the evaluation results in the interval type-2 fuzzy information
system should be transformed into the evaluation utilities for
the decision-maker ek based on (13) as follows:
epq ) = 1 (1 e−θk Aepq ).
(30)
uk (A
θk
Based on the arithmetic operations of trapezoidal IT2FNs,
we further calculate the interval type-2 fuzzy evaluation utility
epq ) as follows.
uk (A


+
+
1 − e−θk apq 1 − e−θk bpq
,
,
(

θk
θk




+
+
 1 − e−θk cpq 1 − e−θk dpq + + 

,
; spq , tpq ),


θk
θk
e

 . (31)
uk (Apq ) = 
−

−θk a−
−θ
b
pq
1 − e k pq
 1−e

(

,
,


θk
θk


−
−θ
d
 1 − e−θk c−
pq
1 − e k pq − − 
,
; spq , tpq )
θk
θk
Then, for every decision-maker ek , we can calculate the
epq ) in the interval type-2 fuzzy inforranking value of uk (A
mation system as:
u,k
ηpq

epq ))
=η(uk (A
P
P
l∈{a,b,c,d}

=

•

•∈{+,−}

8
P
×

h∈{s,t}

P

•∈{+,−}

4

(1 − e−θk lpq )/θk
h•pq

,

(32)

TABLE V
T HE INTERVAL TYPE -2 FUZZY INFORMATION SYSTEM

x1
x2
...
xm

f1

f2

...

fn

e11
A
e
A21
...
em1
A

e12
A
e
A22
...
em2
A

...
...
...
...

e1n
A
e2n
A
...
emn
A

where 1 ≤ p ≤ m and 1 ≤ q ≤ n.
Afterwards, we need to determine the positive ideal solution
+,k +,k
+,k
x+
k = (v1 , v2 , . . . , vn ) and the negative ideal solution
−,k −,k
−
−,k
xk = (v1 , v2 , . . . , vn ), where
u,k
vq+,k = max {ηpq
},

(33)

u,k
}.
vq−,k = min {ηpq

(34)

1≤p≤m

and
1≤p≤m

Subsequently, we should calculate the distance d+
k (xp )
between each object xp and the positive ideal solution x+
k , and
the distance d−
(x
)
between
each
object
x
and
the
negative
p
p
k
ideal solution x−
k . Motivated by regret theory, the calculation
of distances may also consider the regret or rejoice values
between objects and ideal solutions based on (14), which is
shown as follows:
v
uX
u n
u,k
+,k
u,k
+
+ 1 − e−δk (ηpq −vq ) − vq+,k )2 ,
wq × (ηpq
dk (xp ) = t
q=1

v
uX
u n
u,k
−,k
u,k
−
dk (xp ) = t
+ 1 − e−δk (ηpq −vq ) − vq−,k )2 .
wq × (ηpq
q=1

(35)
Finally, the relative closeness of xp to the positive ideal
solution x+
k can be computed as follows:
RCk (xp ) =

d−
k (xp )
.
d+
(x
)
+ d−
p
k
k (xp )

(36)

Liang et al. [61] indicated that the relative closeness can
reflect the conditional probability of the object that belongs
to C. Let us denote the conditional probability of the object
xp for the decision-maker ek as P rk (C|xp ). Therefore, for
each decision-maker ek ∈ E and object xp ∈ X , we estimate
the conditional probability of the object xp as: P rk (C|xp ) =
RCk (xp ).
B. The whole decision procedure of regret-based three-way
decision model
By concluding the aforementioned models and approaches,
we outline core steps of the whole decision procedure for
the regret-based 3WD model under interval type-2 fuzzy
environment. The evaluation and decision process is shown
in Fig. 3. For the description of the whole decision procedure
of the proposed regret-based 3WD model in Fig. 3, decisionmakers may select different risk aversion and regret aversion
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Select the risk aversion and
regret aversion coefficients

Construct the interval type-2
fuzzy outcome matrix

Collect evaluation results for
the interval type-2 fuzzy
information system

Compute the interval type-2
fuzzy regret-based
utility functions

Estimate the conditional
probability

Calculate the interval type-2
fuzzy expected utilities

Calculate the ranking values
of all the interval type-2
fuzzy expected utilities

Generate the decision rules
based on (P2) - (N2)

Fig. 3. The whole decision-making process of the regret-based 3WD model.

coefficients according to their own decision preferences. Then,
different interval type-2 fuzzy regret-based utility functions
and conditional probabilities may be obtained, which will
derive diverse decision rules and results for each decisionmaker. In order to better illustrate the whole decision process
of the proposed model, six key steps are summarized as
follows:
Step 1: For the decision-maker ek ∈ E, select the risk
aversion coefficient θk and the regret aversion coefficient δk .
Step 2: Construct the interval type-2 fuzzy outcome matrix.
Then, compute the interval type-2 fuzzy regret-based utility
k
function veij
.
Step 3: Collect evaluation results for the interval type-2
fuzzy information system. Subsequently, calculate the relative
closeness RCk (x) for x ∈ X and estimate the conditional
probability.
Step 4: Compute the interval type-2 fuzzy expected utile k (πi |x) with respect to different actions in A =
ity U
{πP , πB , πN } with (27).
e k (πi |x)) of the
Step 5: Calculate the ranking value η(U
interval type-2 fuzzy expected utility with (28).
e k (πi |x)) to generate
Step 6: Compare the ranking value η(U
the three-way decision rules with (P2) − (N2) for x ∈ X.
V. I LLUSTRATIVE EXAMPLE
In this section, we utilize the regret-based three-way decision model to solve an investment assessment problem under
interval type-2 fuzzy environment.
A. Problem description
With the continuous development of the economy, China’s
consumption of natural resources is also increasing [69].

TABLE VI
T HE LINGUISTIC OUTCOME MATRIX OF THE ILLUSTRATIVE EXAMPLE

πP
πB
πN

C

¬C

MG
M
VP

P
MP
MG

TABLE VII
T HE LINGUISTIC INFORMATION SYSTEM OF THE ILLUSTRATIVE EXAMPLE

x1
x2
x3
x4
x5
x6

f1

f2

f3

f4

G
G
VG
VG
VG
G

G
M
M
G
VG
VG

MG
G
G
MG
MP
MP

G
VG
MG
M
MG
M

However, the limitation of local resources is restricting future
development, so more and more companies choose overseas countries to seek investment opportunities [70]. Suppose
the overseas investment department of a company decides
to conduct an assessment of six candidate countries and
choose the suitable countries for the investment. With respect to this investment assessment problem, assume that
there are four factors of evaluation, including “Resources”,
“Politics and Policy”, “Economy”, and “Infrastructure” [66].
For six candidate countries and four factors, we obtain:
X = {x1 , x2 , x3 , x4 , x5 , x6 } and F = {f1 , f2 , f3 , f4 }. In
this investment assessment problem, suppose there are six
decision-makers assessing the candidate countries, which are
denoted as E = {e1 , e2 , e3 , e4 , e5 , e6 }.
For this investment assessment problem, we utilize the
proposed regret-based 3WD model in this paper to solve
the problem. For each candidate country, it has two states
Ω = {C, ¬C} and three actions A = {πP , πB , πN }. As
is mentioned in Section II, the corresponding information
system and outcome matrix are represented and evaluated by
using linguistic terms provided by experts. Table VI presents
the linguistic outcome matrix of the investment assessment
problem. The corresponding linguistic information system is
presented in Table VII. In this investment assessment problem, the weight vector of all attributes is directly given as:
W = {0.25, 0.2, 0.25, 0.3}T .
B. Decision analysis with the proposed model
With the aid of the proposed regret-based 3WD model, we
discuss the evaluation of the investment assessment problem
and determine the corresponding decision steps in detail as
follows:
Step 1: For all six decision-makers in E, they need to
select the risk aversion coefficient θk and the regret aversion
coefficient δk according to their own decision preferences. In
this problem, the risk aversion and regret aversion coefficients
of six decision-makers are all given in Table VIII.
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TABLE VIII
T HE RISK AVERSION AND REGRET AVERSION COEFFICIENTS OF SIX
DECISION - MAKERS

0.5

4.5

0.5

3.5

0.4

4

0.4

3

3.5

0.3

e1
θk
δk

0.55
0.25

e2
0.45
0.2

e3
0.35
0.15

e4
0.25
0.1

e5

e6

0.15
0.05

0.05
0

TABLE IX
T HE DECISION RESULTS OF EACH CANDIDATE FOR EVERY
DECISION - MAKER
POS(C)
e1
e2
e3
e4
e5
e6

{x1 }
{x1 }
{x1 }
{x1 }
{x1 , x2 }
{x1 , x2 , x3 }

BND(C)
{x2 , x3 , x4 , x5 , x6 }
{x2 , x3 , x4 , x5 , x6 }
{x2 , x3 , x4 , x5 }
{x2 , x3 , x4 , x5 }
{x3 , x4 , x5 }
{x4 }

NEG(C)
∅
∅
{x6 }
{x6 }
{x6 }
{x5 , x6 }

2.5

0.3

2

3

0.2

0.2
1.5

2.5

0.1

2

0

0.1

0.2

0.1

0.3

1

0

0.1

(a)

0.2

0.3

(b)

0.5

4

0.5

0.4

3.5

0.4

0.3

3

0.3

0.2

2.5

0.2

0.1

2

0.1

3.5
3
2.5

0

0.1

0.2

0.3

2

0

0.1

(c)

0.2

0.3

(d)

0.5

0.5

3

0.4

2.5

1

0.4

Step 2: Based on Tables II and VI, we construct the
interval type-2 fuzzy outcome zeij of the investment assessment
problem. Then, we compute the interval type-2 fuzzy regretk
based utility function veij
for each decision-maker according
to the risk aversion and regret aversion coefficients in Table
VIII.
Step 3: Based on Tables II and VII, we collect the interval
epq for the interval type-2
type-2 fuzzy evaluation result A
fuzzy information system. Subsequently, the relative closeness
RCk (x) for all six candidate countries is calculated and
we estimate the conditional probability P rk (C|x) for each
candidate and decision-maker with the regret-based TOPSIS
approach.
Step 4: By combining the interval type-2 fuzzy regretk
based utility function veij
and the conditional probability
P rk (C|x), we further compute the interval type-2 fuzzy
e k (πi |x) with respect to different actions in
expected utility U
A = {πP , πB , πN } with (27).
e k (πi |x)) of
Step 5: We calculate the ranking value η(U
the interval type-2 fuzzy expected utility with (28) for every
decision-maker.
Step 6: In light of the decision rules (P2) − (N2), we can
deduce all the decision results for six candidate countries and
decision-makers, which are shown in Table IX. From Table IX,
the detailed results and conclusions are discussed as follows:
(1) For the decision-makers e1 and e2 , the decision results are deduced as: POS(C) = {x1 }, BND(C) =
{x2 , x3 , x4 , x5 , x6 }. The decision results imply that the
decision-makers e1 and e2 should both accept the candidate country x1 . Meanwhile, x2 , x3 , x4 , x5 , x6 need to
be further investigated for their judgements.
(2) For the decision-makers e3 and e4 , the decision results for
six candidate countries are determined: POS(C) = {x1 },
BND(C) = {x2 , x3 , x4 , x5 }, NEG(C) = {x6 }. They
indicate that the decision-makers e3 and e4 should accept
x1 , reject x6 and reconsider x2 , x3 , x4 , x5 .

0.3

0

0.3

0.2

-1

0.2

2
1.5

0.1

1

0.1

0.5

-2

0

0.1

0.2

(e)

0.3

0

0.1

0.2

0.3

(f)

Fig. 4. Sensitivity analysis of the ranking values of the interval type-2 fuzzy
e (πi |x1 ) and U
e (πi |x4 ) for varying values of θ and δ.
expected utilities U

(3) For the decision-maker e5 , we deduce the decision results
as: POS(C) = {x1 , x2 }, BND(C) = {x3 , x4 , x5 },
NEG(C) = {x6 }. Therefore, the decision-maker ought
to accept x1 , x2 , reconsider x3 , x4 , x5 and reject x6 .
(4) For the decision-maker e6 , the decision results are expressed as: POS(C) = {x1 , x2 , x3 }, BND(C) = {x4 },
NEG(C) = {x5 , x6 }. The results show that x1 , x2 , x3
should be accepted and x5 , x6 will be rejected. Meanwhile, the candidate country x4 needs to be further
investigated.
C. Sensitivity analysis
With above discussion, it is essential to note that the risk
aversion coefficient θ and the regret aversion coefficient δ are
two fundamental components of the regret-based three-way
decision model. As θ and δ are two free parameters, we can
limit their values to study the change of the decision rules and
results from the viewpoint of the ranking values of the interval
type-2 fuzzy expected utilities. For simplicity, we only study
the change rule of the objects x1 and x4 in this section.
For two candidate countries x1 and x4 , we have experimented with 25 different values of θ from 0.02 to 0.50 with a
step size of 0.02. The value 0.00 of θ is not taken into account
since the denominator of (13) cannot be the zero. At the same
time, 31 different values of δ are considered from 0.00 to 0.30
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Fig. 5. Comparative analysis of the decision rules and results between the
regret-based 3WD model and classical 3WD model.

with a step size of 0.01. Therefore, with the change of values
of θ and δ, the detailed results of the ranking values of the
interval type-2 fuzzy expected utilities are shown in Fig. 4. For
Fig. 4, we present a kind of three-dimensional plot for varying
values of θ and δ. We observe that the ranking values of the
interval type-2 fuzzy expected utility may exhibit different
trends for increasing values of θ and δ associated with taking
each action. The research indicates that the selection of the
risk aversion coefficient θ and the regret aversion coefficient
δ takes great influence on decision rules and results.
VI. C OMPARATIVE ANALYSIS
In this section, we make the comparative analysis to analyze
the effectiveness and superiority of the proposed model.
A. Comparative analysis with the classical 3WD model
Firstly, we make the comparative analysis of our model
with the classical 3WD model [1]. For fair comparison, we
generalize the classical three-way decision model [1] into
the interval type-2 fuzzy environment and compare it with
our model, since the classical 3WD model was originally
constructed with real numbers. The classical 3WD model is
also utilized to deal with the above investment assessment
problem. Since the classical 3WD model utilizes the cost
matrix to derive decision rules, we make a transformation on
the linguistic outcomes of the investment assessment problem
in Table VI by transforming the index of linguistic terms in
the linguistic term set for simplicity. Then, based on Table II,
we can similarly obtain the interval type-2 fuzzy cost matrix
for the classical 3WD model.
By using the TOPSIS method in [63], we can also determine
the conditional probability of the classical 3WD model under
interval type-2 fuzzy environment based on Tables II and VII.
With interval type-2 fuzzy costs and conditional probabilities,
we compute the interval type-2 fuzzy expected costs and their
ranking values. Then, we similarly generate the minimumcost decision rules, and deduce the decision results for six
candidate countries and decision-makers. As a result, for all
the six decision-makers, the decision results for six candidate countries are determined: POS(C) = {x1 , x2 , x3 , x4 },
NEG(C) = {x5 , x6 }. The decision results imply that all

the six decision-makers will accept x1 , x2 , x3 , x4 and reject
x5 , x6 .
As the decision results of the regret-based 3WD model and
the classical 3WD model are both determined, we further
compare the decision rules and results between two 3WD
models, as shown in Fig. 5. With regard to Fig. 5, x-coordinate
denotes the decision-makers and y-coordinate pertains to the
number of candidates classified in each region. For Fig. 5, we
obtain that the decision rules and results of the classical 3WD
model are not going to change with the variation of different
decision-makers in interval type-2 fuzzy environment. On the
contrary, the decision rules and results of the regret-based
3WD model are varied for different decision-makers, since the
risk aversion coefficient θk and regret aversion coefficient δk
are both considered in the proposed model. Besides, the results
of Fig. 5 indicate that the proposed method can manage to
magnify or reduce the size of the boundary region in the actual
decision circumstance according to decision-makers’ decision
preferences.
B. Comparative analysis of the risk attitude with other two
3WD models
In [34], [41], Liang et al. also constructed two different
three-way decision models to describe and reflect decisionmakers’ risk attitudes. Thus, we further make the comparative
analysis and discussions between our proposed regret-based
3WD model and two 3WD models in [34], [41].
For clarity, all the similarities and differences are summed
up in Table X. As shown in Table X, 3WD model in [34], 3WD
model in [41] and our model have three same characteristics.
The risk attitude, fuzzy environment and utility-based decision
rules are all considered in three different models. This can also
reflect to some extent that it is very important and reasonable
to improve the capacity of three-way decision to process the
risk and vagueness under uncertainty.
By comparing the 3WD model in [34] and our model, two
different 3WD models also have two other same characteristics, apart from the above three similarities. Both two 3WD
models utilize IT2FS to cope with fuzzy environment and
describe the risk attitude from the perspective of gain and
loss. However, as shown in Table X, two main contributions
and advantages are obtained in our model. First, our model introduces regret theory into TOPSIS to estimate the conditional
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TABLE XI
T HE CONDITIONAL PROBABILITY RESULTS OF THREE METHODS
P r3 (C|x2 ) P r6 (C|x2 )
Method in [61]
Method in [51]
Our method

0.6397
0.5566
0.7242

0.6397
0.5566
0.6501

TABLE XII
T HE DESCRIPTION OF THE EXPERIMENTAL DATA SETS

Rank of candidate countries

ID

Data sets

Objects

Attributes

C : ¬C

x1  x2  x3  x4  x5  x6
x2  x1  x3  x5  x4  x6
x1  x2  x3  x4  x5  x6

1
2
3
4

Connectionist Bench
Ionosphere
Parkinson Speech
Wdbc

208
351
1040
569

61
35
29
31

111 : 97
225 : 126
520 : 520
357 : 212

probability, where the preferences of different decision-makers
are also involved. Second, the parameter number of our model
is smaller than that of the 3WD model in [34], which is simpler
in the actual circumstance.
Then, we also make the comparison and discussion between
the 3WD model in [41] and our model. For Table X, three
main differences between two 3WD models are included. First,
IT2FS is utilized in our model, while the 3WD model in [41]
considers the interval-valued environment. Second, our model
describes the risk attitude from the perspective of both gain and
loss, while the 3WD model in [41] derives the decision rules
only from loss functions. Finally, our model introduces regret
theory into TOPSIS to estimate the conditional probability,
where the preferences of different decision-makers are also
involved.
C. Comparative analysis of the determination of the conditional probability with other two methods
In the universal circumstance that the information system
does not have the class label or the decision attribute, Liang
et al. [61] effectively utilized TOPSIS method to determine the
conditional probability in the Pythagorean fuzzy environment.
Besides, Liu et al. [51] used grey relational degree to calculate
the conditional probability with intuitionistic fuzzy numbers.
In order to verify the effectiveness and superiority of the
proposed regret-based TOPSIS method, we further extend
two methods in [51], [61] into the interval type-2 fuzzy
environment to deal with the above investment assessment
problem and make the comparative analysis between three
different approaches.
For the above investment assessment problem, the conditional probabilities of six candidate countries can be all
calculated for six decision-makers by utilizing two methods in
[51], [61]. Therefore, the results of the calculated conditional
probabilities of three methods are shown in Table XI. For
simplicity, we only present the rank of six candidates for
six decision-makers and the detailed conditional probabilities
P r3 (C|x2 ) and P r6 (C|x2 ) of the candidate country x2 for
two decision-makers e3 and e6 as the example.
From Table XI, the conditional probability results indicate
that the rank result of our method is the same as that of
the method in [61], and different from that of the method in
[51]. This shows the difference in principle between TOPSIS
method and grey relational degree. From the ranks of six candidates in Table XI, the result reflects that the candidate countries x1 , x2 , x3 are most likely to be accepted and x4 , x5 , x6
are most likely to be rejected for all six decision-makers and
three methods, which demonstrates that our method is persuasive and reasonable. However, for P r3 (C|x2 ) and P r6 (C|x2 ),

TABLE XIII
T HE LINGUISTIC OUTCOME MATRIX OF THE EXPERIMENT

πP
πB
πN

C

¬C

MG
MP
VP

VP
MP
G

our method can evaluate different conditional probabilities of
x2 for e3 and e6 , while P r3 (C|x2 ) = P r6 (C|x2 ) holds for
other two methods in [51], [61]. This demonstrates that our
method can reflect and describe different risk attitudes and
preferences of decision-makers when evaluating the conditional probability.
VII. E XPERIMENTAL EVALUATIONS
In this section, we conduct some experiments to demonstrate
the effectiveness and performance of our proposed regretbased three-way decision model. The data sets utilized in
our experiments are downloaded from the machine learning data repository, University of California at Irvine (UCI)
(http://archive.ics.uci.edu/ml/). The description of four experimental data sets is presented in Table XII. All the experiments
are implemented by using Matlab R2019b on a personal
computer with Microsoft Windows 10, Intel (R) Core (TM)
i5-8265U CPU @ 1.60 GHz and 8.00 GB memory.
Compared with the two-way decision process, the advantage
of three-way decision is to add the boundary region and take
the non-commitment as the delayed decision. Thus, we deeply
examine the influence of different values of the parameters
θ and δ to the variation of three regions, since the risk
aversion coefficient θ and regret aversion coefficient δ are
two key parameters to our model. For four different data sets,
the conditional probability of each object is calculated with
the interval type-2 fuzzy TOPSIS method. Apparently, it is
necessary to normalize different types of attributes into interval
type-2 fuzzy sets. In this experiment, the types of attributes are
first normalized into the linguistic terms, and then represented
by their corresponding interval type-2 fuzzy sets in Table II.
For the conditional attribute of each data set, we assume that
the weight is the same. The outcome matrix in this experiment
is also given by linguistic terms, which is shown in Table XIII.
With decision rules (P2) − (N2), results of the number of
objects in three different regions for each data set are shown
in Fig. 6.
For Fig. 6, we elaborately study the variation of positive,
boundary and negative regions with the change of the risk
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As the decision results of all the objects in four data sets
are determined in Fig. 6 with the change of θ and δ, it is
necessary to evaluate the performance of the proposed model
by utilizing the decision attribute in four data sets. Inspired
by [71], we utilize the error rate to evaluate the performance
of our proposed regret-based 3WD model. The error rate is
defined as follows [71]:

0.4

(f)

400

0

0.3

of θ on the change of negative and boundary regions is
greater than that of the positive region.
(2) We research the variation of three regions for varying
values of δ when θ = 0.15. Similarly, 11 different values
of δ are considered from 0.1 to 0.4 with a step size of
0.03. From Fig. 6, the results indicate that the trends
and patterns of the change of the positive and boundary
regions with the increase of δ are as same as those with
the increase of θ. The number of objects in the negative
region will not decrease with the increase of δ, which is
different from that with the increase of θ. The effect of δ
on the change of positive and boundary regions is greater
than that of the negative region.
(3) The results of Fig. 6 also indicate that if decision-makers
would rather make certainty decision, they should set
values of θ and δ smaller. On the contrary, if decisionmakers prefer more objects should be included in the
boundary region to make delayed decision, the values of
θ and δ need to set bigger. The conclusion is consistent
with the decision results in Tables VIII and IX.
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Fig. 6. The variation of objects in three regions with the change of the risk
aversion coefficient θ and regret aversion coefficient δ respectively.

aversion coefficient θ and regret aversion coefficient δ, respectively. The x-coordinate represents the value of risk aversion
coefficient θ or regret aversion coefficient δ. The y-coordinate
concerns the number of objects. Through a detailed research of
Fig. 6, some interesting points are worth discussing carefully.
(1) We examine the variation of three regions for varying
values of θ when δ = 0.1. At this time, we have
experimented with 11 different values of θ from 0.15 to
0.3 with a step size of 0.015. From Fig. 6, we observe
that the number of objects in the boundary region will
become larger with the increase of θ. On the contrary,
the number of objects in the positive and negative regions
will become smaller with the increase of θ. The influence

nC→NEG(C) + n¬C→POS(C)
× 100%, (37)
N

where N is the total number of objects in the universe.
nC→NEG(C) represents the number of objects classified into
the negative region NEG(C) belonging to C. n¬C→POS(C)
denotes the number of objects classified into the positive
region POS(C) belonging to ¬C. Apparently, the smaller of
the error rate can reflect that the performance of the proposed
regret-based 3WD model is better.
Therefore, the results of the error rates for all the objects
in four data sets are presented in Fig. 7. Fig. 7 (a) shows the
change of the error rates for four data sets with the increase of
θ when δ = 0.1, where the x-coordinate represents the value
of the risk aversion coefficient θ from 0.15 to 0.3, and the
y-coordinate concerns the error rate from 4% to 16%. Fig.
7 (b) shows the change of the error rates for four data sets
with the increase of δ when θ = 0.15, where the x-coordinate
represents the value of the regret aversion coefficient δ from
0.1 to 0.4, and the y-coordinate denotes the error rate from
0% to 15%.
From Fig. 7, we observe that the error rate is significantly
affected by the values of θ and δ. With the increase of θ or
δ, the error rate of all the four data sets is decreasing since
the boundary region BND(C) is magnified. This implies the
advantage of three-way decision over two-way decision. In the
actual decision environment, decision-makers can enlarge the
boundary region and reduce the error rate by changing risk
aversion and regret aversion coefficients θ and δ. This also
reflects the validity of the proposed regret-based three-way
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Fig. 7. The error rates of four data sets with the variation of θ and δ.

decision model in this paper and verifies its performance in
interval type-2 fuzzy environment.
VIII. C ONCLUSION
In order to describe the effect of decision-makers’ risk
attitudes more appropriately, this paper proposes a regretbased three-way decision model under interval type-2 fuzzy
environment. For the description on the psychological risk
attitudes and preferences, the regret-based 3WD model can
derive different maximum-utility decision rules for decisionmakers according to their risk aversion and regret aversion
coefficients. The conditional probability is evaluated with the
interval type-2 fuzzy TOPSIS method based on regret theory.
The proposed model is verified through an illustrative example
of an investment assessment problem and the comparative
analysis. Finally, the results of the experimental evaluations
show the effectiveness and performance of the regret-based
3WD model. In the future, we will consider the extension
of the proposed model in the multi-attribute decision-making
problem and sequential three-way decision.
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